that any surface homeomorphic with a hypersphere has at least one closed geodesic depends for its proof upon a simple case of this extension. 4 It is understood that every sub-k-cycle of a k-cycle in 91k is also in 9k, and that homologous k-cycle in 9k having the same critical k-sets are to be regarded as identical. A similar remark holds for k-chains in S2k.
1. Introduction.-In the present note we formulate the following principle: ' Every extremal of a positively regular integral J satisfying a prescribed set of end conditions affords a minimum to J, relative to neighboring admissible arcs satisfying these end conditions and a suitably chosen set of isoperimetric conditions which have the further property that every extremal of J satisfying the prescribed end conditions also satisfies these (natural) isoperimetric conditions.
Thus we see that under this principle every extremal can be basically characterized by the minimum number of natural isoperimetric conditions which are needed to reduce it to one of minimum type.
The chief purpose of this note is to define such "natural isoperimetric conditions" for the fixed end-point problem in the calculus of variations and to give some illustrations of its numerous applications. The results described in this paper can be extended readily to variable end-point problems and to problems concerned with closed extremals, reversible or irreversible.
One of the special features of the use of natural isoperimetric conditions is that it enables one to obtain easily and naturally the usual oscillation, separation and comparison theorems by classical methods of the Calculus of Variations instead of by the use of the accessory boundary value problems, as has been done heretofore. In fact, the use of artificial orthogonality conditions becomes unnecessary since these arose only because the natural isoperimetric conditions had not been used.
2. Natural Isoperimetric Conditions.-Consider a class of arcs joining two fixed points 1 and 2 in (xl, . .. , x) space on which the integral J s= ff(x, t)dt is well defined. Let H(x, *) be a function satisfying the conditions H(x, kx) = H(x, x)(k > 0), H(xi, y) = H(x2, z) for all (3) * (0) and (2) ( 1) We have the immediate theorems: THEOREM 1. An admissible arc joining the points 1 and 2 which has continuous first and second derivatives and satisfies all natural isoperimetric conditions is a solution of the Euler equations.
THEOREM 2. Let E12 be an extremal arc (not intersecting itself) whose end points are not conjugate and which satisfies the strengthened conditions of Weierstrass and Legendre. Let m be the sum of the orders of the conjugate points ofthe point 1 on E,. Then there exists a set ofm (and nofewer) natural isoperimetric conditions of the form (1) such that E2 affords a proper strong relative minimum to J in the class of arcs joining its end-points and satisfying these m conditions.
Thus we see that every extremal of the integral J can be considered as one of minimum type in a suitably chosen natural isoperimetric problem.
3. The Accessory Problem and the Accessory Boundary Value Problem.-It is not likely that there exist always a set of natural isoperimetric conditions such that every isoperimetric extremal satisfying the end conditions is an extremal of the integral J. Nevertheless these do exist in certain nonparametric problems, such as the accessory problem associated with the second variation of an integral J in non-parametric form. Here we study an integral of the form A(77).= J 2 w(x, iq, q)dx where 2co is a quadratic form in m1 and -i' and the functions vi(x) vanish at xi and x2. The natural isoperimetric condition analogous to (1) it has been a common procedure to adjoin isoperimetric conditions of an artificial type so as to make the arc (v) = (0) a minimizing arc. The number of conditions needed is then equal to the number of negative characteristic roots a < 0, each counted a number of times equal to its multiplicity. These artificial conditions can be replaced by the natural isoperimetric conditions (2) and so we obtain a new proof of the following result due in the general case to Morse: THEOREM 3. The number of characteristic roots a < 0 is equal to the sum of the orders of the conjugate points of xi on x1x2.
4. Oscillation, Separation and Comparison Theorems.-Since natural isoperimetric conditions afford a method of counting the number of conjugate points on an interval it is clear that they lead to oscillation, separation and comparison theorems as well. A typical oscillation theorem of apparently new type is the following: THEOREM 4. There exist (at least) m conjugate points of xi between xi and X2 if and only if there exist a set of m admissible variations 7ia(x) (a = 1, .. ., m) of the original problem vanishing at x1 and X2 for which J2(11a7a) = J2(f1a, i1i9)7r7 < 0 (a,# = 1, . . ., m) for every set of constants (7r) * (0) where J2(¢, 7) is the integral (2).
The key point of the proof of this theorem is that J2(fla, ti) = 0 are a set of natural isoperimetric conditions. 
